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Abstract

In classical mechanics, this paper presents a new principle of conservation
of energy which is invariant under transformations between reference frames
and which can be applied in any reference frame (rotating or non-rotating)
(inertial or non-inertial) without the necessity of introducing fictitious forces.

Introduction

If we consider a system of two particles i and j then the following relations are obtained:

r̆ i − r̆ j = r i − r j

ăi − ăj =
Fi

mi
−

Fj

mj

∆ (v̆i − v̆j) · (v̆i − v̆j) = 2
∫ 2

1
(ăi − ăj) ·d(r̆ i − r̆ j)

(v̆i − v̆j) · (v̆i − v̆j)+(ăi − ăj) · (r̆ i − r̆ j) = (vi −vj) · (vi −vj)+(ai −aj) · (r i − r j)

wherer̆ i , v̆i , ăi , r̆ j , v̆j , ăj are the positions, the velocities and the accelerations of particles
i and j relative to an inertial reference frameS̆, r i ,vi ,ai , r j ,vj ,aj are the positions, the
velocities and the accelerations of particles i and j relative to an inertial or non-inertial
reference frameS, mi ,mj are the masses of particles i and j, andFi ,Fj are the net forces
acting on particles i and j.
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Work, K and U

If we consider a system of N particles then the total workW done by the forces acting
on the system of particles, is given by:

W =
N

∑
i=1

N

∑
j>i

1
2

mi mj

M

[
2
∫ 2

1

(
Fi

mi
−

Fj

mj

)
·d(r i − r j)+ ∆

(
Fi

mi
−

Fj

mj

)
· (r i − r j)

]

In a system of N particles, the total workW done by the forces acting on the system of
particles is equal to the change in the total kinetic energyK of the system of particles.

∆ K = ∆
N

∑
i=1

N

∑
j>i

1
2

mi mj

M

[
(vi −vj) · (vi −vj)+(ai −aj) · (r i − r j)

]

In a system of N particles, the total workW done by the conservative forces acting on
the system of particles is equal and opposite in sign to the change in the total potential
energyU of the system of particles.

−∆U =
N

∑
i=1

N

∑
j>i

1
2

mi mj

M

[
2
∫ 2

1

(
Fi

mi
−

Fj

mj

)
·d(r i − r j)+ ∆

(
Fi

mi
−

Fj

mj

)
· (r i − r j)

]

In an isolated system of N particles, if Newton’s third law of motion is valid then the
total potential energyU of the system of particles, is given by:

−∆U =
N

∑
i=1

(∫ 2

1
Fi ·dr i + ∆

1
2

Fi · r i

)

wherer i ,vi ,ai , r j ,vj ,aj are the positions, the velocities and the accelerations of thei-th and
j-th particles (relative to an inertial or non-inertial reference frameS) mi ,mj are the masses
of the i-th andj-th particles,Fi ,Fj are the net forces acting on thei-th andj-th particles,
andM is the total mass of the system of particles.
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The Principle

The new principle of conservation of energy establishes that in a system of N particles
that is only subject to conservative forces the total (mechanical) energy of the system of
particles remains constant.

K +U = constant

whereK is the total kinetic energy of the system of particles, andU is the total potential
energy of the system of particles.

Observations

The total kinetic energy of a system of particles is invariant under transformations
between reference frames.

The total potential energy of a system of particles is invariant under transformations
between reference frames.

The new principle of conservation of energy is invariant under transformations between
reference frames.

The new principle of conservation of energy can be applied in any reference frame
(rotating or non-rotating) (inertial or non-inertial) without the necessity of introducing
fictitious forces.
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Annex

Work (cm)

If we consider a system of N particles then the total workW done by the forces acting
on the system of particles can also be expressed as follows:

W =
N

∑
i=1

(∫ 2

1
Fi ·dr̄ i + ∆

1
2

Fi · r̄ i

)
wherer̄ i = r i − rcm, r i is the position of thei-th particle,r cm is the position of the center
of mass of the system of particles, andFi is the net force acting on thei-th particle.

Kinetic Energy

If we consider a system of N particles then the total kinetic energyK of the system of
particles can also be expressed as follows:

K =
N

∑
i=1

1
2

mi

(
v̄i · v̄i + āi · r̄ i

)

K =
N

∑
i=1

N

∑
j>i

1
2

mi mj

M

(
ṙ i j ṙ i j + r̈ i j r i j

)

K =
N

∑
i=1

1
2

mi vi ·vi −
1
2

M vcm·vcm +
N

∑
i=1

1
2

mi ai · r i −
1
2

M acm· rcm

wherer i j = |r i − r j |, ṙ i j = d|r i − r j |/dt, r̈ i j = d2|r i − r j |/dt2, r̄ i = r i − rcm, v̄i = vi −vcm,
āi = ai − acm, r i , vi , ai , r j , vj , aj , r cm, vcm, acm are the positions, the velocities and the
accelerations of thei-th particle, of thej-th particle and of the center of mass of the system
of particles,mi , mj are the masses of thei-th particle and of thej-th particle, andM is the
total mass of the system of particles.
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